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Catastrophic Events: A statistician’s approach...
What are some of the approaches taken in the Statistical Sciences to
model and identifying Extremes and Catastrophic Events ?
Standard approach: define extreme events based on percentiles of
probability distribution.
Order statistics and Extreme value theory
Heavy-tailed distributions and non-parametric approaches
Change-point analysis
Regressions to model tails of distribution
Chichilinsky approach
Other
See Rajaratnam, B. and Tsiang, M. (2012): Advanced Statistical Methods
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for Earth Systems: Extreme Value Analysis, EESS260:
Ch 5, Stanford
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Order statistics and Extreme Value theory
Let X1 , X2 , . . . , Xn denote a random sample of size n from a distribution
function F . The order statistics X(1) , X(2) , . . . , X(n) corresponding to
X1 , X2 , . . . , Xn are defined by sorting the Xi in increasing order. That is,
X(1)

=

min(X1 , X2 , . . . , Xn )

X(2)

=

min({X1 , X2 , . . . , Xn }\{X(1) })

..
.
X(n)

=

max(X1 , X2 , . . . , Xn ),

so
X(1) ≤ X(2) ≤ · · · ≤ X(n) .

The first and nth order statistics, X(1) and X(n) , are sometimes also
referred to as extreme-value statistics.
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Order statistics and Extreme Value theory
Consider a random sample X1 , X2 , . . . , Xn drawn from a distribution F .
For any n, we can derive the exact distribution of the nth order statistic
X(n) = max(X1 , . . . , Xn ):
P (X(n) ≤ x)

=

P (X1 ≤ x, X2 ≤ x, . . . , Xn ≤ x)

=

P (X1 ≤ x)P (X2 ≤ x) · · · P (Xn ≤ x)

=

[F (x)]n .

Underlying distribution F is not known → this method is not as useful.
Estimating the distribution of X(n) even when F is unknown.
Recall that the Central Limit Theorem states that the sample mean
appropriately centered and scaled converges (in distribution) to
N (0, 1)
Universality result for the sample mean: regardless of the underlying
distribution F
Similar universality result for extreme values?
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The generalized extreme value distribution GEV
Useful in modeling the extremes.
The GEV distribution has a cumulative distribution function (CDF) of the
form
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for 1 + ξ σ > 0, where µ ∈ R is called the location parameter, σ > 0 is
the scale parameter, and ξ ∈ R is the shape parameter.
The probability density function is given by
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Extreme value distributions
The GEV distribution encompasses three families of distributions,
corresponding to the value of the shape parameter ξ. In particular:
Case I: Gumbel (ξ → 0)
−e(x−µ)/σ

G(x) = e

for x ∈ R.

Case II: Fréchet (ξ > 0)

G(x) =

Case III: Weibull (ξ < 0)

G(x) =


0

e−[(x−µ)/σ]−1/ξ

e−[−(x−µ)/σ]1/ξ
1

for x ≤ µ,
for x > µ.

for x < µ,
for x ≥ µ.
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Order statistics and Extreme Value theory
Fisher-Tippett-Gnedenko Theorem. Let X1 , X2 , . . . , Xn be a sequence
of iid random variables. Suppose there exists a sequence of numbers
{bn : n ≥ 1} and a sequence of positive numbers {an : n ≥ 1} such that,
for all real values x (at which the limit is continuous), we have
lim P

n→∞

#

$
X(n) − bn
≤ x = G(x),
an

for some non-degenerate distribution function G.
Then G belongs to the class of so-called Generalized extreme value
distributions (and is either the Gumbel, the Fréchet, or the Weibull family).
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Climate application: Motivation/Expected Significance
Some fundamental and societally relevant questions about the Earth’s
climate:
How anomalous are temperatures of the late 20th century in a
millennial context? (precipitation or other climate variables)
What do historical temperature measurements tell us about the
sensitivity of climate to increased greenhouse gas concentrations?
How strong is the link between tropical cyclone intensity and ocean
warming?
Answers to these questions rest on the availability of datasets that are
accurate, long, continuous, and of broad spatial coverage.
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Challenges
Some challenges:
Direct physical measurements of climate fields are limited temporally
and spatially.
Measurement quality/availability generally decreasing back in time.
Instrumental records only available for approximately 150 years.
Large regions (e.g.,the South Pacific) afflicted by missing data,
measurement errors and biases because of changes in observational
practices.
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Challenges
Even more challenging: hemispheric temperatures of the past
millennium can only be indirectly inferred from temperature-sensitive
geological proxy data.
Proxy data:
Tree rings
Ice cores
Sediment cores
Microbial life (e.g. coral)
Proxy data: Challenging to interpret both physically and statistically.
Reconstructing past climates, estimate missing data in climate fields,
assessing the uncertainty of such estimates are important goals.
A need for statistical methods for the analysis of incomplete climate
data and the reconstruction of past climates.
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Motivation and Expected Significance
The motivation for reconstructing climate variables such as sea-surface
temperature(SST) or sea-level pressure(SLP):
Validate climate models and produce reliable regional forecasts.
Understand the link between historical temperature measurements
and the sensitivity of climate to increased greenhouse gas
concentrations.
Assess if temperatures of the late 20th century are anomalous in a
millennial context (precipitation or other climate variables).
Scope for using paleoclimate proxies to reconstruct climate variables?
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Paleoclimate Proxies
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Paleoclimate Proxy Data
 











 


 



 






 






 


 













 









 

 









 










 

 

 












 



 





 







 




 


 









 
 










 

 









 





Proxy availability over the Common Era (Emile-Geay et al, 2009)
Proxy data availability decreases very rapidly in time and is skewed towards land areas.
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Multiproxy Paleo Reconstruction: “The Hockey Stick”

The Hockey Stick

Reconstruction of hemispheric temperatures over the past two millenia.
Michael Mann’s “Hockey Stick" and the controversy continues...
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Extreme Climate Events

Source: Reuters, ABC, WHO
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Extreme Climate Events

Source: Reuters, ABC, WHO, NOAA
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Extremes and Socio-economic Consequences
Floods, droughts, heat wave, cold spells, anomalous hurricane frequency,
intense tornado activity.
Human mortality (e.g. from heat wave, France 2003)
Morbidity and water-borne diseases (e.g. from flooding)
Destruction to property and infrastructure (floods: Queensland,
Australia, 2010)
Agricultural production and food security
Secondary impacts
Extreme events may have more short-term / immediate consequences
(vs. increase in average temperature)
Compelling reasons that extreme events are equally important to
understand.
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Questions of Significance
A more nuanced / revised set of questions regarding the Earth’s climate:
Has climate change affected the occurrence of extreme events?
If so, then how in terms of frequency/severity of extreme events?
Has the entire temperature distribution changed as a result of climate
change? If so how ?
Answers to these questions are potentially very important...
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Modeling Temperature Extremes
Can we model the entire distribution of temperature vs. just the
mean?
We can then examine the tails in order to study extreme events.
Extreme temperatures, even without changing the mean, can have
drastic consequences for ecosystems (droughts, floods), agriculture
(loss of crop yields), and geography (melting ice, rising sea levels).
Thus our goal is to develop methodology to statistically model the
entire distribution to better understand extreme events.
Do we need to develop new statistical/mathematical methodology?
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Spatial Proxy Availability

















Number of Northern Hemisphere proxy records available by location on 5◦ × 5◦ grid. Only
grid-points with at least one associated proxy are colored.

Proxy availability is temporally limited to land masses
Most complete in Europe and the United States
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Temporal Proxy Availability

























Number of Northern Hemisphere proxy records available by year from 1998 AD to 0

Proxy availability falls off sharply at 1800 with fewer than 100 proxies after
about year 1000.
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Concluding Remarks
Developed new statistical methodology for reconstructing
paleoclimate extremes.
Some tentative evidence to suggest that variability / extremes may be
changing.
Exercise caution not to over-interpret results.
Ongoing work to cast the problem within the Chichilinsky approach.
Ongoing work to collect more data, extend statistical methodology.
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